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Consider the planar problem.
Reduce phase space by translation (R6 → R4; Jacobie coordinatges)
Next reduce the space by rotation (R4 → R3 : 𝒮1 →˓ 𝒮3 → 𝒮2; Hopf
mapping):

𝜉1 = 𝜇1|Q1|2 − 𝜇2|Q2|2,
𝜉2 = 2

√
𝜇1𝜇2 Q1 · Q2,

𝜉3 = 2
√
𝜇1𝜇2 Q1 ×Q2,

𝐼 = 𝜇1|Q1|2 + 𝜇2|Q2|2 =
√︁

𝜉21 + 𝜉22 + 𝜉23 .

Here, Q1, Q2 – Jacobie coordinates, 𝜇1 = 𝑚1𝑚2/(𝑚1 +𝑚2),
𝜇2 = 𝑚3(𝑚1 +𝑚2)/(𝑚1 +𝑚2 +𝑚3).

𝑇 − 𝑈 =
4𝐽2 + 𝜉21 + 𝜉22 + 𝜉23
8
√︀
𝜉21 + 𝜉22 + 𝜉23

− 𝑈(𝜉1, 𝜉2, 𝜉3) = ℎ.



Energy integral, Sundman inequality and zero velocity surface

𝐽2

2𝐼
− 𝑈(𝜉1, 𝜉2, 𝜉3)− ℎ ≤

𝐽2

2𝐼
+ 𝐼2/(8𝐼)− 𝑈(𝜉1, 𝜉2, 𝜉3)− ℎ ≤

4𝐽2 + 𝜉21 + 𝜉22 + 𝜉23
8
√︀

𝜉21 + 𝜉22 + 𝜉23
− 𝑈(𝜉1, 𝜉2, 𝜉3)− ℎ = 0,

𝐽2

2
√︀
𝜉21 + 𝜉22 + 𝜉23

− 𝑈(𝜉1, 𝜉2, 𝜉3) = ℎ,

𝑈(𝜉1, 𝜉2, 𝜉3) =
1

4
√︀
𝜉21 + 𝜉22 + 𝜉23

𝐷(𝜙, 𝜃).

If r𝑖(𝑡), 𝑖 = 1, . . . , 𝑁 , is solution of 𝑁 -body problem, the followimg
expression gives the solution as well

𝜌𝑖(𝑡) = 𝜆r𝑖(𝜆
−3/2𝑡)

�̇�𝑖(𝑡) = 𝜆−1/2v𝑖(𝜆
−3/2𝑡)

ℎ′ = ℎ/𝜆



Expressions for mutual distances

𝑟212 =
𝑚1 +𝑚2

2𝑚1𝑚2
(
√︁
𝜉21 + 𝜉22 + 𝜉23 + 𝜉1)

𝑟213 =
𝑚1 +𝑚3

2𝑚1𝑚3

√︁
𝜉21 + 𝜉22 + 𝜉23

+
𝑚2𝑚3 −𝑚1(𝑚1 +𝑚2 +𝑚3)

2𝑚1𝑚3(𝑚1 +𝑚2)
𝜉1 +

√︀
𝑚1𝑚2𝑚3(𝑚1 +𝑚2 +𝑚3)

𝑚1𝑚3(𝑚1 +𝑚2)
𝜉2

𝑟223 =
𝑚2 +𝑚3

2𝑚2𝑚3

√︁
𝜉21 + 𝜉22 + 𝜉23

+
𝑚1𝑚3 −𝑚2(𝑚1 +𝑚2 +𝑚3)

2𝑚2𝑚3(𝑚1 +𝑚2)
𝜉1 −

√︀
𝑚1𝑚2𝑚3(𝑚1 +𝑚2 +𝑚3)

𝑚2𝑚3(𝑚1 +𝑚2)
𝜉2



𝑚1 = 𝑚2 = 𝑚3 = 1: 𝑂𝜉3 and 𝑂𝜉1

𝐽 = 0 : 𝑈(0, 0, 𝜉3) = 3/
√︀

𝜉3 = −ℎ =
1

2
, → 𝜉3 = 36

𝑈(𝜉1, 0, 0) = 1/
√︀

2𝜉1 + 2/
√︀

𝜉1/2, → 𝜉1 = 50.

𝐽 ̸= 0 : 𝑈(0, 0, 𝜉3)−
𝐽2

2𝜉3
= 3/

√︀
𝜉3 −

𝐽2

2𝜉3
=

1

2
→

𝜉3 ∈
[︂(︁

3−
√︀

9− 𝐽2
)︁2

,
(︁
3 +

√︀
9− 𝐽2

)︁2
]︂
.

𝑈(𝜉1, 0, 0)−
𝐽2

2𝜉1
= 1/

√︀
2𝜉1 + 2/

√︀
𝜉1/2−

𝐽2

2𝜉1
=

1

2
→

𝜉1 ∈
[︂(︁

5−
√︀
25− 2 𝐽2

)︁2
/2,

(︁
5 +

√︀
25− 2 𝐽2

)︁2
/2

]︂
.



Zero velocity surface at 𝐽 = 0 (ℎ = −1
2
)

𝑈(𝜉1, 𝜉2, 𝜉3) = −ℎ



Zero velocity surface at 𝐽 = 2.99

𝐽2

2
√

𝜉21+𝜉22+𝜉23
− 𝑈(𝜉1, 𝜉2, 𝜉3) = ℎ



Zero velocity surface at 𝐽 = 3.53



𝑚1 = 2𝑚2 = 4𝑚3 = 12/7, 𝐽 = 2.65



𝑚1 = 2𝑚2 = 4𝑚3 = 12/7, 𝐽 = 2.74



Zero velocity surface (general three-body problem)
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Final motions, hierarchical systems


